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Abstract 

Based on the HVZ theorem and dilation analyticity of the pseudorel- 
ativistic no-pair Jansen-Hess operator, it is shown that for subcritical 
potential strength [Z < 90) the singular continuous spectrum is absent. 
The bound is slightly higher [Z < 102) for the Brown-Ravenhall operator 
whose eigenvalues A are, by the virial theorem, confined to A < 2m if 
Z < 50. 



1 Introduction 



We consider two interacting electrons of mass to in a central Coulomb field, 
generated by a point nucleus of charge number Z which is fixed at the origin. 
The Jansen-Hess operator that is used for the description of this system, results 
from a block-diagonalization of the Coulomb-Dirac operator up to second order 
in the fine structure constant e 2 » 1/137.04 [3 [16]. Convergence of this type of 
expansion has recently been proven for Z < 52 [26] [11] , and numerical higher- 
order investigations have established the Jansen-Hess operator as a very good 
approximation (see e.g. [24]). 

Based on the work of Lewis, Siedentop and Vugalter [19] the essential spec- 
trum of the two-particle Jansen-Hess operator M 2 ' was localized in [So,oo) 
with ~Eq — m being the ground-state energy of the one-electron ion [15] . A 
more detailed information on the essential spectrum exists only for the single- 
particle Jansen-Hess operator, for which, in case of sufficiently small central 
potential strength 7, the absence of the singular continuous spectrum <j sc and 
of embedded eigenvalues was proven [13] . These results were obtained with the 
help of scaling properties and dilation analyticity of this operator, combined 
with the virial theorem, methods which, initiated by Aguilar and Combes, are 
well-known from the analysis of the Schrodinger operator [T],[S31 p. 231] and of 
the single-particle Brown-Ravenhall operator. For the latter operator, the ab- 
sence of a sc as well as of embedded eigenvalues in [m, 00) was proven for all 
7 < J br — 2(— + §) j 7b r being the maximum value for which this opera- 
tor is bounded from below [5] [21 US] • For more than one electron the absence 
of a sc in the Schrodinger case was shown along the same lines [3] [S7J , the ba- 
sic ingredient (apart from the dilation analyticity of the operator) being the 
relative compactness of the Schrodinger potential with respect to the kinetic 
energy operator. Such a compactness property does not exist for Dirac-type 
operators. For the determination of the spectral properties of ingredients 
of complex analysis are used instead to prove a two-particle HVZ-type theorem 
for non-self adjoint operators which depend on a complex parameter 9, forming 
an analytic family and being self-adjoint for real 9 (Proposition 1, section 3). 
With this HVZ theorem at hand, the dilation analytic method of Balslev and 
Combes [5] can be used to prove the absence of a sc (Theorem 1, section 3). 
Concerning eigenvalues embedded in the essential spectrum, the virial theorem 
is formulated for the two-particle operator, and a modification of the proof by 
Balinsky and Evans [5] is tested on h BR to show the absence of eigenvalues in 
[2m, 00) (Proposition 2, section 5). 

Let us now define our operators in question. The two-particle pseudorela- 
tivistic no-pair Jansen-Hess operator, acting in the Hilbert space A(L2(M. 3 ) (£> 
C 2 ) where A denotes antisymmetrization with respect to particle exchange, is 
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given (in relativistic units, H = c = 1) by [16) 



h {2) = h»* + + c^. (1.1) 

k=l 

The term up to first order in e 2 is the (two-particle) Brown-Ravenhall operator 

BUSES] 

h BR = 

k=l 



E( T(fc) +<) + vil2) 



T<*> := E Pk := 6« ~ -P< 12) E/f f ^ ^ (1-2) 



? ,( 12 ) ~ p(12) r/ (l) r/ (2) e2 fr7 (l) r/ (2)s_l p (12) 

U I I V^O u J M) > 

|Xl — x 2 | 

where the index m refers to the particle mass, = — i is the momentum and 
Xfc (with Xk := |xfc|) the location of particle A; relative to the origin. 7 = Ze 2 
is the central field strength, and i/ 12 -* the electron-electron interaction. Uq 
denotes the unitary Foldy-Wouthuysen transformation, 

= A(p fc ) + ^'aW M (ft), 

and the inverse t/^'" 1 = [/ ( *°* - A(p*,) + a<*W(pk)0 (fc) with Q W , /jW 
Dirac matrices [25]. Finally, P (12) = P (1) P (2) where P (fc) := i±f^- projects 
onto the upper two components of the four-spinor of particle k (hence reducing 
the four-spinor space to a two-spinor space). 

The remaining potentials in (|1.1[) which are of second order in the fine struc- 
ture constant consist of the single-particle contributions 



• '-'I 



■Cfp* Jo ^fc 

where has norm unity, Vjj m is bounded and h.c. stands for hermitean 

conjugate (such that 6^ is a symmetric operator). The two-particle interaction 
is given by 



fe=l 
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F« := -\ fAe-^ - e"«V (1.5) 

(k) 

For later use, we also provide the kernel of the bounded operator Fq in mo- 
mentum space, 

V'(P'P') = -(2^ I^TF ^TE-; i 1 - ^(P)^V)) • (1.6) 

The notation l.h.s. ~ r.h.s. in (|1.2p - (|1.5|) means that the l.h.s. is defined by 
the nontrivial part (i.e. the upper block) of the r.h.s. (see e.g. [8l [16]). 

ft/ 2 -* is a well-defined operator in the form sense for 7 < 0.98 (which follows 
from the form boundedness of the Jansen-Hess potential with respect to the ki- 
netic energy with relative bound less than one; see section 2 for the improvement 
of the bound 0.89 given in [H]), and is self-adjoint by means of its Friedrichs 
extension. 



2 Dilation analyticity 



For a one-particle function <p G /^(IR 3 ) ® C 2 and 9 := G we define the 
unitary group of dilation operators dg by means of pQ 

dg^p) ■.= e-^^p/e) (2.1) 

with the property 

d 9l d e Mp) = {Oi0 2 )- 3/2 9(P/W = dg<p(p) (2.2) 

where 9 := 9 X 9 2 = e 6+fo . For a two-particle function ip G A(L 2 (R 3 ) <g> C 2 ) 2 we 
have d e if)(p 1 ,p 2 ) = 6^ 3 V>(Pi/#, pa/0). 

Let 00 := dgOdg 1 be the dilated operator (e.g. Tig := dgh^dg 1 ). 
From the explicit structure of the summands of ft/ 2 ) in momentum space one 
derives the following scaling properties, using the form invariance (V>,ft/ 2 )v>) = 
(dei>,h g 2) d e i(>) for iji G A(H 1/2 (M. 3 )®C 2 ) 2 , the form domain of ft/ 2 ) (see 0[T3], 
PJ P.42,73]), 

T g (k \m) = + m 2 = - \f^k + ™ 202 = ^ T (k) (m ■ 9) (2.3) 

hf H (m) = ^h BR (m-6), h i2 \m) = ^ h (2 \m ■ 9) 
where we have indicated explicitly the mass dependence of the operators. 
Let us extend 9 to a domain T> in the complex plane, 

V:= {9eC: = e«, |£| < Co}, (2.4) 
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with < £o < | to be fixed later. The definition of the dilated operators with 
the scaling properties (|2.3[) is readily extended to 9 € T>. 



(2) 

In order to establish the existence of h g for 9 £ V as a form sum one has 
for T e := T g {1) + T e {2) to assure the iTgl-form boundedness of the potential of 

(2) 

h g with relative bound smaller than one. For the single-particle contributions 
this was shown earlier for potential strength 7 < 1.006 [13]. 

Let us start by noting that the m-dependent factors appearing in the poten- 
tial terms of are all of the form E*, (E p + to) a , Ael, as well as E ■ 

(see e.g. (|1.3p . (|1.6[0 . This assures that h^i/j is an analytic function of m for 
m ^ 0. 

For 9 € T> we basically have to replace m by m ■ 9. We can use estimates of 
the type [13] 

1 



< 



< l + 2Co 



(l-£o)£ P < |^e(p)| < (1 + 2£ )£ P (2.5) 

where Eg(p) := \Jp 2 + m 2 9 2 . From these relations one derives the relative 
boundedness of the following dilated operators with respect to those for 6=1, 

\A {p)\ 2 < l -^A 2 { P ) 

\- Q ge{p)\ 2 < j^-~ A P 2 9 2 ij>) (2.6) 
1 1 

< 



E e (p) + Egijp 1 ) 



(l-£o) 3 E p + E j 



As a consequence, the dilated Foldy-Wouthuysen transformation is bounded, 



\ui k) \ 



< \Ag( Pk )\ + \P± ge ( Pk )\ <g, and also \D$\ < j^f^ ( Pk + m\9\) < 5 with 
some constant c. 

In order to show the relative form boundedness oih a , we write 
and introduce the respective massless (m = 0) operators To = pi + P2 and Wo, 

K&WflVOI < |^(^WoV)| + |(^(V fl -~WW (2.7) 



The form boundedness of Wo with respect to To follows from the previous single- 
particle [5] and two-particle [TB] m = estimates. For the single-particle con- 
tributions we profit from [5] (i/>, (pfc + &i' £ ' 1 + &| ) — (1 — ^7 + <^7 2 )(V ; iPfcV') 
together with 13| + b { 2 k) < for 7 < A. Note that (e.g. for fc = 1) 
= V- , x 2 ( x i) ac ts as a one-particle function depending parametrically on the 
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coordinates of the second particle. For the two-particle terms, use is made of 
{UQ*ipOiPkUo tpo) = (V'lPfc "0) where i/jq : = (q) denotes a two-particle spinor 

(12) 

whose lower components are zero by the action of P > showing that the four- 
spinor estimates from [16] are applicable. Thus, 

2 

iw-,wovoi < ^i(^(6l fc) + 4 fe) )^)i + i(^4 12) ^)i + i«U 12) n 
fc=i 



< 



IBR 



dj 2 + 7 



20 



BR 



(0,T O 0) =: c (0,T O 0), (2.. 



where 7 Bit « 0.906 and d = § (| - f ) 



For the proof of the form boundedness with respect to \Tg\, we can estimate 
for |Im CI < | [S] 



Re VPfc + m2 ^ 2 ^ -Pfc cos(Im f) > Pfe (1 - Co) 



(2.9) 



such that 



\0\ ■ 1(0,^)1 > |Re W,^vl + ™ 2 2 n > (l-£o) (^T (fc) V)- (2.10) 

The uniform boundedness of the single-particle remainder in (|2.7|) , 4t | (■0, (&xm-e 

— 6^ ) -0)1 + jfr \{tp, (4m.fi — 0)1 was proven in [13; based on the respective 
results for 9 = 1 (301 EH. 



For the proof of the uniform boundedness of (ip, (c^ 12 - 1 (m ■ 6) — Cq 12 "*) ip) and 
(i/>, (f( 12 ^(m • 6) — Vg 12 ^)ip) we proceed in a similar way. Since c*- 12 ^ and i/ 12 ) 
are analytic functions of to, the mean value theorem can be applied in the form 
|/(m-0)-/(O)| < m(|f£(mi ■ 6)\ + |$£(m 2 • 6)\) with < m u m 2 < m 
(adapted to complex-valued functions [12]). The kernel of i/ 12 ) is given by 
(pi.pa; Pi, Pi) := U^U^k v ^uP*Up* with 



1 



772 - P2 + Pi - Pi)) 



2^ 2 Ipr-p'J 2 
such that one gets 

(K v (i2)(m- 6) - K „cia))(pi,P2;p / i,p / 2) < 



(2.11) 



+ (mi i-> m 2 ) 



(2.12) 



where (toi i— > 7712) means the first term in the second line of (|2.12[) repeated 
with toi replaced by m 2 , and U^ k ^ is Uq with p^. replaced by p^. Further, 



dm 



(i) 



U, 



(2' 





8UP 




< 






dm 





rr(2) T7(l')*rr(2')" 
^0 u ^0 
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77(1)77(2) rr(l')" 

u u u 



From the boundedness of and of 9 one gets the estimate (noting that Uq 
is only a function of m/pk ='■ £) 



at/, 



(2')* 



9m 



(2.13) 



9m ^ 



(fe) 



< 



1*1 



Pk l+e 



< ■ 



a 



a(£ • 0) 



< 



c 



(2.14) 



with some constants c, c independent of m. With this estimate the boundedness 
of v^ 12 \m ■ 9) ~ v^ 2) is readily shown (see e.g. [16] and Appendix A, where a 
sketch of the boundedness proof for c^ 12 \m ■ 9) — Cg 12 -* is given). 

Thus we obtain 



Co 



l-£o 



(2.15) 



with Co from (|2.8p and some constant C. We have cq < 1 (and hence also 
< 1 for £ sufficiently small) for 7 < 0.98 (Z < 134). This holds for all 
9 e V. Besides this T - and Tg-form boundedness with Co < 1, (|2.3[) assures that 
for ip in the form domain of To, (ip, h g ip) is an analytic function in T>. Thus 

(2") 

satisfies the criterions for being a dilation analytic family in the form sense 
MM P-20]. 



3 Main theorem and outline of proof 

The aim of the present work is to prove 

Theorem 1 Let h^ 2 ' be the two-particle Jansen-Hess operator and assume 7 < 
0.66 (Z < 90). Then the singular continuous spectrum is absent, 

°Sc(h {2) ) = 0. 

The basic ingredient of the proof is a HVZ-type theorem for nonsymmetric 
dilation-analytic potentials. 

2 

Proposition 1 Let h {2) = J2 (T^ +b[ k J l e + g ) + v ( 12) + c { e 12) be the dilated 

k=\ ' ' 

two-particle Jansen-Hess operator and let 9 G T> C C. Let 

hg 2 ^ = T e + ax,e + rx,e (3.1) 
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be the two- cluster decomposition which corresponds to moving particle 1 to in- 
finity. Then for 7 < 0.66, the essential spectrum of h g is given by 

vess(h { 9 2) ) = a{Te + a 1>e ) (3.2) 

where 

a(T e + a 1<e ) = a(T e (1) ) + a{T { g 2) + + 41*) (3-3) 



and ri, e - o lmg + o 2m 6 + v g + c g . 



Starting point of the proof of Theorem [T] is the invariance of the resolvent 
form under dilations with 9 6 T> n M, 

^' / t (2) 1 _ ^) = (^-pT forzeC\K. (3.4) 

Let us restrict ourselves to analytic vectors -0 £ -4(A^ ® C 2 ) 2 where A^ := 
{</? G i/!/ 2 (]R 3 ) : dgy> is analytic in V}. For z € C\cr(/ig 2 ^), the analyticity of 

(h^ — z) _1 and of the function dgip allows for the extension of the r.h.s. of (|3.4|1 
to complex 9 G T>. The identity theorem of complex analysis then guarantees 
the equality (J3T]) for all 9 € X>. Since 7V Co is dense in ff 1/2 [23l p.187], (j3~4| 
holds for all ijj in _4(H 1/2 (IR 3 ) <g> C 2 ) 2 . 

From Proposition [1] we know that h g has only discrete spectrum (o^) out- 
side ct(T<9 + a\fi). 

Let us therefore shortly investigate the spectrum of Tg + a\ t g. From the 
explicit expression Tg — \Jp\j8 2 + m 2 , p\ > 0, it follows that a(T^) — 
Ues^Tg 1 ^) is for each 9 S T> a curve in the complex plane intersecting R only in 
the point m |31"IIT0]. 

Concerning the spectrum of b^ g := T g 2 ^ + 6^ g + 6^ e , it was shown in 
[13] that a ess (b m g ) = a ess (T g ') based on the compactness of the difference of 
the resolvents of b^ g and T g '. Thus we get from Q3.3P 



o-(T e + ai ,g) = {^p\/9 2 + m 2 : Vx > 0}+ \{^p 2 2 /8 2 + m 2 : p 2 > 0} U a d (b^] e ) 

= a ess (T e + ai,e), (3.5) 

which means that a(Tg+ai t g) consists of a system of parallel curves each starting 
at m+ \\ for any A 2 6 <7 d{b m g ), supplied by an area in the complex plane 
bounded to the right by such a curve starting at the point 2m. (The left 
boundary is a line starting at 2m with e _4lm ^R+ as asymptote.) The curve 
{\/p 2 /9 2 + m 2 : p > 0} attached to each A^ lies in the closed half plane below 
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(respectively above) the real axix, if 9 = with Im £ > (respectively Im 
£ < 0), and its asymptote is e - iIm «R + + A 2 e) . 

Any such A2 is a discrete eigenvalue of finite multiplicity. Therefore, since 
b mg is a dilation analytic operator in V it follows from [17l p.387],[23j p. 22] 
that is an analytic function of 9 in T> (as long as it remains an isolated 
eigenvalue). If 6 G R ("I T>, Aj = G 0"d(&rra ) because de is unitary for real 
9. It then follows from the identity theorem of complex analysis that A^ = A^ 1 ' 
for all 9 G V pQ. Conversely, assume there exists A 2 G &d(b m g) in C\R (called 
'resonance' p. 191]) for a given 9 EV. Then from the group property (|2.2p , 
a further dilation by any 9 G K leaves A 2 invariant. Thus A 2 is invariant in 
the subset of T> in which it is analytic. 

To be specific, let Im £ > 0. As a consequence [3T], resonances are only 

possible in the sector bounded by <j{T g ) and [m, 00). In particular, no elements 
(2) 

of Od{b m g) lie in the upper half plane (they would be isolated for all 9 with 

Im £ > 0, but such elements have to be real). Moreover, they can at most 

(2) 

accumulate at m. (If they did accumulate at some zq G cr(T g )\{m} then, for 
#0 = e^ +lS (S > 0) they would, due to their 0-invariance, still accumulate at 

(2) (2) 

zq f a(Tg o ') which is impossible.) Likewise, real elements of <Jd{b m e ) can only 
accumulate at m. Therefore, the intersection set Mr := <7(Tg + ai^)DM. consists 
of 2m plus isolated points which can at most accumulate at 2m. 

We note, however, that each of the elements of Mr can be an accumulation 
point of Gd{h^), due to Proposition [TJ (The nonreal elements of c^^ 2 ') again 

have to lie in a sector of the lower half plane, bounded by a{T^) and [m, 00).) 
From l|3.4p we get 



lim 



Im ^' W) - Z ^ 



(2) 

for Re z ^ Mr U cFdihg ), such that the singular continuous spectrum is absent 
for R\(M H U a d {hf ] ) [H p.137]. 

To proceed further we follow the argumentation of Balslev and Combes [3J 
from the Schrodinger case and denote by £ the set of accumulation points 

(2) 

of Mr U <7d(h s ). In all other points the spectrum is discrete, and we have 
no singular continuous spectrum in R\E. Let now {£\}a6R be the spectral 
projection of h^> and let ip sc be an element of the singular continuous subspace 
of A(L 2 (R 3 )®C 2 ) 2 . Then {i> ac , E x ip sc ) = for all A G R\£. Since (ip ac , E x ^ sc ) 
is continuous [17l p. 517] and since £ consists only of isolated points with a 
possible accumulation point at 2m, it follows that (tp sc , E\ip sc ) = for all 
A G R. Thus <J sc {h^) = 0. 



< lim 

Im z— >0 



< 00 (3.6) 
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Corollary 1 For the two-particle Brown- Ravenhall operator h BR we have 
(T sc {h BR ) =0 £/ 7 < 0.74 (Z < 102). 



Its proof is given at the end of section 4. 

We remark that an extension of Proposition[T](and hence of Theorem[TJ using 
the same method of proof) to the iV-particle Jansen-Hess operator (2 < N < Z) 
implies a critical potential strength which decreases with N (7 < 0.285 for 
N = Z, due to the relative boundedness requirement [15j Appendix B]). 



4 Proof of Proposition [T] 

We show first that b { ^ 9 = T (2) + b [ ^ n0 + bf^ e is sectorial. According to [27] 
this is the case if there exists a vertex z £ C, a direction j3 £ [0, 2n) and an 
opening angle cf> £ [0, it) such that 

(V,C^) C ^ GC: Iarg(e-^(z-z ))| < \} (4.1) 

for v e -4(ff 1/2 (R 3 ) ® C 2 ) 2 with HVII = 1. 

Clearly, Tg ; is sectorial for 9 — e 2? because it is given by the set 
{(pe~ 2iIm ^ +to 2 )^ : p £ M + } which lies in the sector defined by zq = 0, {3 = 
and = 2|Im£| < 2£ . 

(2) (2) 

The |Tg ; |-form boundedness of the potential part of b m ' g was proven in the 
following form (with ip := ^ Xl (x2); see section 2), 

< |g| c (ftP2fp) + C (v>,v), (4-2) 

where rat < 1 + 2£ , and c = ^ - c?7 2 < 1 if 7 < 1.006. In turn, from flUTUD , 

t||((/5,J)2</5) < (1 — Co) _1 |(<^) V 3 )!- Moreover, using estimates similar to (|2.9p 
in (|4.2[) . we even obtain (for £0 < j ) 

!(¥>, (fcfifl + ¥>)l < ci Re fo>, T 9 (2) <p) + C (<p, <p) 

d := (4.3) 
1 - So 

Since Co < 1 we have c\ < 1 for sufficiently small £q. According to [T7l Thm 

_____ /t2~\ 

1.33, p. 320] (|4.3[) guarantees that b m S as form sum is also sectorial, with the 
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opening angle (f> given by 



< tan- = 



tan |Im £| + c\ 



< oo, 



(4.4) 



1-Ci 



and some vertex z < which has to be sufficiently small (one has the estimate 
PIl eq.(VI-1.47)] Re (<p,b® g tp) > -Cfatp) with the constant C from (1431) 1. 

In the next step we prove that the spectrum a(Tg + ai t g) = cr(Tg +&™ a) can 
be decomposed into the spectra of the two single-particle operators according 
to (pO]t . 

As we have just shown, Tg 1 ^ is sectorial with maximum opening angle <fi = 2£o 

(21 

and 6^ ' s is sectorial with maximum opening angle <po —: </>(£o) (obtained upon 
replacing |Im £| by £o m (|4.4[) since tan and arctan are monotonically increasing 
functions). Let us take £o < \ such that 0+0o < n - This is done in the following 
way. Choose some £o- If 2£o + <Po < n > we are done. If not, since < 4>o < n 
there is 8 > such that 4>q < 8 < it. Then define £i := ^(n — 8) < £q. From 
(14.4)) and the monotonicity of tan and arctan we have </>o > cf>(£i) and thus 

2£l <7T. 

Writing ^ € ^.(^^(R 3 ) £g> C 2 ) 2 in the form domain of Tg + a^g as a finite 
linear combination of product states with tp^ relating to particle k, 



Thus, the necessary assumptions for Proposition 4 of [27] (which is based on a 
lemma of Ichinose) are satisfied, which guarantees that Tg + a\ t g is sectorial, as 
well as the validity of (|3.3[) . 

Before considering the proof of the HVZ theorem for nonsymmetric poten- 

(2) 

tials we need to establish that h e as well as Tg + a% t g =: ho t g is for 9 S V 
a dilation analytic family in the operator sense. This requires in addition the 

(2) 

relative boundedness of the potentials of h g and ho,e with respect to Tg and To 
with bound smaller than one (such that these operators are well-defined with 
domain D(T )). 

First we estimate with the help of (12. 9| . 



we have 



+ (^ (2 \€W 2) )(^ (1) ). 



(4.5) 




(4.6) 



> [tp, (Re ^pj+ m 2 8 2 + Re sfp\ + m 2 6 2 f if,) > (1 - £ ) 2 W>, (pi +P2) 2 V), 
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such that ||T V>|| < x^llT^H. Next we decompose for hf ] = T e + W g 
analogously to (|2.7p , 

\\We1>\\ < \\W ip\\ + \\(W e - i Wo) ^||. (4.7) 

The boundedness of the second term in (14. 7|) follows immediately from the 
method of proof of the form boundedness of Wg — jjWo (see e.g. Appendix A). 
For the first term we estimate, using ||piVj|| 2 = 5(^7 (Pi + — (Pi + 

2 

iiwo^n < wY,^ + h 2 ] )M\ + h { o 2) n + ii4 12 Vii (4-8) 

k=l 

< V^\\To^>\\ + -^v^lWII + 2 ^ yfc. W\\ =:ci||T ^|| 

where c v — 4e 4 , c w = (|7 + §7 2 ) 2 and c s = [7r 2 /4 — l]) 2 c„ are calculated 
in [12l p. 72]. We have c\ < 1 for 7 < 0.66. In the same way, ||ai, m =oV , || = 
||(^ 2) + 4 2) )^ll < v^H^Vll < 0.977^1170^11 if 7 < 0.66. With the 
inequality below (|4.6|) this guarantees the relative Xg-boundedness of W$ as well 
as of a\fi (with bound < 1) for 7 < 0.66 and sufficiently small £q- 

The proof of the HVZ theorem (|3.2p is usually done in two steps. 
a) The easy part: cr(Tg + ai t g) C cr ess (hg) 

The proof is performed with the help of defining sequences as done in the 
Schrodinger case [3] and in the 9—1 Jansen-Hess case [TS]. Let A £ cr(Tg + 
ai.g). Then there exists a defining sequence (V>n)«eN with ip n £ A(C§°(R 3 ) ® 
C 2 ) 2 , ||W,|| - 1 and 

\\{T g + a h g- A) Vn|| — » for n -» oo. (4.9) 

We define a unitary translation operator T a by T a ^„(xi, X2) = ^> n ( x i — a i x 2)- 

Let ^4 := T & ijj n . We claim that the antisymmetrized function Aipn is a 
defining sequence for A £ a{Kg>). It was shown in |15j that it is sufficient to 

prove that ip^ has this property. Since T a is unitary, i^n is normalized. We 
have 

||(/4 2) -A)V4 a) ll < ||(T fl + a ll8 -A)^|| + \\ri,e^\\. (4.10) 

Since the only action of T a is a shift of the coordinate of particle 1, it follows 
that T a commutes with as well as with b^ g . Therefore, from (14. 9|) . 

\\(T e + a he - X) T a ip n \\ = ||T a (Tg + ai t e — A) tp n \\ < ||T a || • e = e (4.11) 
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for a given e > and n sufficiently large. The second contribution to (|4.10[) is 
decomposed into 

IK^II < llC^II + Wb^le^W + H^^W + W^^l (4-12) 

We show that the r.h.s. of (|4.12[) can be made smaller that e for a sufficiently 
large. 

According to Lemma 5 of [THIHI] we have for 6 = 1, I = 1, 2 and ip n a finite 
linear combination of states ifn ip„ ' G (C^°(R 3 ) (g) C 2 ) 2 , 

llC T a^Vl 2) || = ll^ll llC^II < | ll^ll ll^ll (4-13) 

with some constant c. The proof of this lemma is based on the structure 
Wi-^-Bi(jpi) (respectively sums of such terms and their adjoints) of both £>j^ 

and 6 2 m where W\ stands for a bounded operator and i?i(pi) for an analytic 
bounded multiplication operator in momentum space. With the scaling prop- 
erty (|2.3p . bj^g — 1 6; ^.g, and the estimates (|2.5p . boundedness holds also 
for the dilated operators (while analyticity in pi is not affected since 0^0). 
Therefore, (|4TT5|) holds for all 9 G V. 

For the two-particle potentials in (|4.12[) we have to proceed according to 
Lemma 6 of [T5] . 



Lemma 1 Let tp n be a finite linear combination ofcfn^fn^ G (C^°(R 3 ) <X>C 2 ) 2 
andT a the translation o/xi &?/ a. Then for alltp G (Cq° (R 3 )<g>C 2 ) 2 and a > 4R, 

|(V,4 12) T a ^)^ 2 ))| < \\rf>\\ ||^Vi 2) ll (4.14) 

a — zrt 

|(V,4 12) T a ^)^ 2 ))| < — ^— II^H U^Vfll (4-15) 

a — zit 

wii/i scwe positive constants c and R. 



Proof. Take first 9 = 1 and let <^ 2) G B fl2 (0) and T^ip^ G (a) where 
Br(x) is a ball of radius R centred at x. So the inter-particle separation can be 
estimated by |xi — X2I > x\ — X2 > a — R\ — R2. Let R := max{i?i, R2} and 
a := a — 2R. We define the smooth auxiliary function X12 mapping to [0, 1] by 

/ xi -x 2 \ f 0, | Xl -x 2 |<a/2 , . 

Xl2 {—a—)-\l, |xx-x a |>a ' (4 ' 16) 

Then X12 is unity on the support of T a tpn <Pn ='■ "4>, i.e. Xi2^ = i>- 

The structure of t>' 12 ) as well as c^ 12 ) is determined by terms (respectively 
their adjoints) of the form W121 _ x 1 .Bi(pi).Bi(p2) where W12 is a bounded 
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(two-particle) operator and Bi(pk) are bounded analytic single-particle multi- 
plication operators in momentum space (see (|1.2p . (| 1 - 5[) ) . We make the decom- 
position (abbreviating B := £?i(pi)£>i(p 2 )) 

1(^,^12 , " ;Bj>)\ < \{Wfol>, , :X12 B$)\ 

|xi-x 2 | |xi-x 2 | 

+ \(W^, , [ X i2,B] $|. (4.17) 

|xi - x 2 | 

The first term is estimated, according to (|4T6]) . by ||W* 2 || |M|§||-B||||V>|| = 
§ || ^|| \\ip\\ with some constant c. The second term has already been dealt 
with in previous work [15) by showing the boundedness of | Xl _x 2 | Pfc , as well 
as by proving the uniform boundedness (with bound c/a) of the commuta- 
tor p k [xi2,B] = ~Pk [xi2,o,-Bi(pi)]Bi(p 2 ) - £i(pi)p* [Xi2,o,-Bi(p 2 )] for k G 
{1, 2}. The proof is done in Fourier space by profiting from the fact that xi2,o ■— 
1 — X12 is a Schwartz function, and subsequently by estimating with the Lieb 
and Yau formula (|5.7[) . □ 

The proof of Lemma Q] for 9 — 1 is easily extended to 6 G T> with the 
same argumentation as given below (|4.13|) , which shows that Wvg^ip^ \\ + 
||<4 12 'Vi < ^ || < a _ c 2J? with some constant c. 

Collecting results, the r.h.s. of (|4. 1 0[) can be made arbitrarily small, || (h g — 
A)V'i' 1 ' ) || < £ j for a and n sufficiently large. This proves that is the re- 

(2) 

quired defining sequence and hence A G cr(h e ). Since a(Tg +ai t $) is continuous 
according to (|3.5[) . we have proven a(Tg + a^g) C a ess {h e 2 ^). 



b) The hard part: a ess (h^) C cr(Tg + a\ 



( 2) 

It is sufficient to prove that the spectrum of h s is discrete outside a(ho,g). 

(2) 

We recall that /io,e = Tg + a\ t g and h g = /io,e + r i,e are well-defined operators, 
and from Appendix B we know that r\fi (/io,e — z)~ x is a bounded operator for 
z in the resolvent set of /io,e- Assuming for the moment that there is a domain 
in C\a(ho t g) where ri ! e(fto,e — z) 7^ —1 (this will follow from the implicit 
mapping theorem, see below), we get from the second resolvent identity the 
representation pQ 

1 . ,4.18, 



We claim that the r.h.s. of (|4. 18|) can be extended to a meromorphic operator 
on C\a(hoe) for a fixed 9 G 



We define the set 

E:= {a(h ,g) : 8 eD}. (4.19) 
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This set is closed because a(ho,e) — cr e ss(ho,e) is closed. Let O z := C\E. O z is 
open, nonempty and connected because /io,e is sectorial and a dilation analytic 
operator in D. Then the function 

F^(z,6) := ty,r 1>0 r-^ V) (4.20) 

for ip £ A(N io ® C 2 ) 2 with ||^'| = 1 is analytic in V for all z G O z since /i ,e 
and ri,g are dilation analytic operators. Likewise, for 9 6 X> fixed, F % p(z 1 9) is 
analytic in O z since z is in the resolvent set of ho,e f° r & U £ T>. Trivially, 
F i f,(z,9) is continuous in O z x 2?. Then Osgood's lemma [9] p. 3] states that 
F^(z,9) is an analytic (holomorphic) function in O z x T>. 

We claim that for 9 fixed, F^(z, 9) = — 1 only in isolated points of C 2 , and 
that the multiplicity of these points is finite. 

From the validity of the HVZ theorem for the Jansen-Hess operator in the 
case of 9 — 1 (and consequently for 9 £ T> D R) which was proven for potential 
strength 7 < 0.66 (this bound also results from the condition c\ < 1 in (|4.8[1 ) 
we know that er ess (h^) = a(ho)- This means that (tp, h(2 )_ z VO an d hence 
also (tp, 7^37(1 f l g_ z )~ 1 '4 ) ) nas only isolated poles (of finite multiplicity) for 
z €" a (ho) and arbitrary?/; € yl(^ ®C 2 ) 2 . Consequently, from the boundedness 
of (ho — z)^ 1 , F^(z, 1) = —1 exactly at these poles. 

Let z £ <Jd(h^) be one of these poles, i.e. F^(z, 1) = — 1. Then z £ <Jd(hg ) 
for 9 £ T> ("I K. Therefore, due to the analyticity of Ify, the identity theorem 
gives F^(z, 9) — — 1 on V. 



Consider now a fixed 9 £ X>\R and choose zq £ O z . Then we claim that 
F^(zq,9) = —1 implies that there is a neighbourhood U Zo of zq such that 
F^(z, 9) ± -1 for all z £ U Zq \{zq}. 

We make use of the implicit mapping theorem [9l p. 19] stating that for an 
analytic function f = F^ + 1 : O z x T> —> C with the properties (i) f(zo, 9) = 
for a point (z , 9) £ O z xT> and (mJ §j(^o, 6*) 7^ there exists a neighbourhood 
U zo x [/g of (z , 9) such that V 9 £ U~ e 3 X 5(6*) G U ao , 5 analytic: /(#(0), 0) = 0. 
In other words, z is a function of 9 in E/g which does not permit F^(z,9) = — 1 

The proof of property (ii) is straightforward. Dealing with analytic func- 
tions, we have 

d 4r = (^n,e Th 1 ^ # (4.21) 

dz (h 0: g - zy 

Assume = for the point (zo, 0). Then also F^ — (tp, r± t g ho 1 g _ z ip) = in 
(zq,0) which contradicts F^(zq,9) = — 1. 
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Thus we have shown that for every 9 £ T>, F^(z, 9) = — 1 only for discrete 
values of z £ O z . 

Since for 9 £ R DT> each of these z-values has finite multiplicity, analyticity of 
F^, assures finite multiplicity for all 9 £ T>. We note that any accumulation point 
of such z-values could have infinite multiplicity. However, accumulation points 
can only occur in dO z <f_ O z since O z is an open set. Therefore, G^(z,9) := 

W>> TT^FI i+r li( ,(h 0if) -z)-i ^) and thus also (V 7 ) f^~z ^ is meromor P hic in 
O z x V. 

In the last step we have to show that for every 9 £T> there is a meromorphic 
extension of G^(-, 9) on the open set C\cr(ho,e)- 

Without restriction, fix 9 £ V\R. Let F^(z,9) :— (ip,ri t e ho \_ z f° r z € 
C\a(ho t $). F^(z, 9) is analytic in z since z (jL cr(ho.g). From the construction, we 
have Fip(z, 9) = F^(z, 9) in O z C C\a(ho,g). Therefore, F^{-,9) is the extension 
oiF^-,9) in C\a{ho t e). 

It is straightforward to show that G^(z, 9) := (tp, j^- z 1+ri ^ , 9 - g )-i V 1 ) 
is meromorphic in C\<r(/io.e). 

Assume that F^(z,9) = — 1 on a subset of C\a(ho t g) which has an accu- 
mulation point. (According to the meromorphy of \ O z — G^ in O z this 
subset is contained in E\a(ho t g).) Then F^{z,6) = —1 on C\a(ho,e)- Since 
Fif, \ O z = F^, this contradicts the fact that F^(z,9) = — 1 only in isolated 
points. 

Assume that one of those points where F^(z, 9) = —1 has infinite multiplic- 
ity. Then according to [25l p. 182], F^,(z 7 9) = —1 on the domain C\a(ho,g) of 
analyticity, again a contradiction. 

With the meromorphy of G^{-,9) in C\<r(/io,e) we have proven the mero- 
morphy of (ip, — — ip) in C\cr(/io,e) and hence the fact that (7 ess (h^) has to 

h e — z 

be a subset of a(h ^). 

This completes the proof of Proposition Q] 

We note that (h g 2 ^ — z) _1 can obviously not be represented, instead of (|4.18[) . 
in a way to be used in the form sense. This would require the introduction of 
the square root of JiQfi — z which is ill defined for complex 9. 

Concerning the proof of Corollary[TJ the improved bound on 7 (as compared 
to Theorem [lj is due to the fact that the potential of hf R is Tg-bounded, with 
bound smaller than one, for 7 < 0.74. This follows from the m = estimates 

ll^'Vll 2 < (|7) 2 ||Pi^H 2 and I < (^) 2 GkPilfcV) which are 

obtained in Mellin space by the methods of [5] (see also [T2J, Appendix C]). 
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Together with a (|4.7p -tvpe inequality one has therefore 

1 1 k=l 

< |t ||| Ml + CM, (4.22) 

such that from P~gj) . 

ii(C e + 6 i 2 ^ + ^ (12 )^ii ^ (jh + ^ e2 ) i^ 117 ^ 11 + dm - (4 - 23) 

(21 (2) 

Since the |T e |-form boundedness of b lrn g with relative bound < 1 (assuring 

sectoriality of + frr-? e ) as well as the HVZ theorem for h BR both hold for 
7 < 1b r [HE El E] , these two properties cause no further restriction on the 
bound for 7 (as 0.74 < ibr)- 



5 Absence of embedded eigenvalues 

The virial theorem for the one-particle case [2] is easily generalized to two- 
particle operators obeying the scaling properties (|2.3|) . Assuming that -0 is an 
eigenfunction of hP^ to some eigenvalue A and that 9 6 V n M+, the virial 
theorem reads 

km * ^ i— i i/>) = A HVII 2 , (5.1) 

where the mass dependence of /r 2 ) is indicated explicitly. By the mean value 
theorem, the operator on the l.h.s. is transformed into m( dh ■ ^ m ' )(m ■ 9) for 
some 9 on the line between 1 and 9. Since this operator can be bounded in- 
dependently of 9 (see section 2) and HV'ell = H^H, the theorem of dominated 
convergence applies and the limit 9 — > 1 can be carried out. We get, making 
use of the symmetry property of ip under particle exchange, 

A ll/ll2 m , , / dbu, dbvl 1 dv (12) 

7T- ll^ll 2 = WMF-VO 




2to E Pl \ dm dm 2 dm 

(5-2) 

This equation has to be combined with the eigenvalue equation which we take 
in the following form, 

A (F^) = (Ftp, (j2(E Pk +b^ + b ( il) W 12 > 4,), (5.3) 
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777 1 

Ftp := cq (1 — — ) — — V = ^* ^ 

"Pi "Pi + _ m 

In the single-particle case, f 1 is taken in such a way that the negative contri- 
bution (termed /3io) to the linear term can be eliminated Here, only 

a partial compensation is possible because one cannot avoid that F(b^ + 6^) 
is a two-particle operator (which cannot be split into single-particle terms). 
The symmetric (with respect to particle exchange) energy denominator (E P1 + 
E p . 2 — m) -1 assures that the operator Fh^ appearing on the r.h.s. of (|5.3p is 
bounded, co G M+ is a parameter to be determined later. Let us now restrict 
ourselves to the Brown-Ravenhall operator. Then we have 



Proposition 2 Let h be the two-particle Brown-Ravenhall operator and as- 
sume 7 < 7 C with 7 C = 0.37 [Z < 50). Then there are no eigenvalues in 
[2m, oo). 



Note that, with a ess (h BR ) — [So,oo) and So < 2m [2T], no information on 
embedded eigenvalues is provided for the subset [So, 2m). This corresponds to 
the multi-particle Schrodinger case where the virial-theorem method provides 
the absence of eigenvalues only in the subset [0,oo) of the essential spectrum 
[231 P-232]. 

Proof. Defining dir := dpidp2dp' 1 dp' 2 we have from [2] 

db {1) 

dJ,^^)=AoM + W4 (5.4) 

/3 10 (m) := Re (^ (jL - 6« V) 

7 f 1 

(3u(m) := — / dir g{p 1 )cr( 1 )p l $(pi,p 2 ) ] m 

2tt 2 7ri= IPi-PiT 
It-*!?-) .9bi)T (1) P'i 5(p 2 -p 2 ) ^( Pl ,p' 2 ). 



Subtraction of the real part of (|5.3p from (|5.2| , while dropping the second-order 
terms 6^ and c^ 12 \ results in 

= M + 7 Mi + e 2 M 2 , (5.5) 



Mo := 



2com(l 



-). 



-(1-^(1 



pi 
co(E Pl 



E, 



-) 



P2 



P2 



m 

- 2m). 



) VO 
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TCI 

7 Ml := j3 w {m) - Re (V>,c (l - — ) 



Ep 1 + Ep 2 



e 2 M 2 := Re(^(l-^)(-L _ 



- / dir g(p x ) trWpx t/^* ^(Pi , P2) ( 
(ff(f/ 1 )<x (1) p'i£/o (2> &(p'i,Pa) 









1 


1 







In the expression for the electron-electron interaction term, e 2 M2, it is used that 
b^ n and t/ 12 ) have the same structure. Indeed, the kernel of b^ is given by 



C / 1)fe 6im C/ 1 ' ) * with 



as compared to the kernel of 'i/ 12 -' defined above (|2.11[) . Due to the symme 

1 dv<- 12 

2 dm 



try upon particle exchange, the kernel of h^r — in (|5.2| can be replaced by 



U^ 2) ^(U^K^U^*) U^*. Therefore (El, with fc oC12) substituted for fc 6lm , 
is applicable. As in section 2, V>o = (q) is a two-particle spinor with the lower 
components set equal to zero. 

For a symmetric integral operator O with kernel K + K* , we use the Lieb 
and Yau formula, derived from the Schwarz inequality, in the following form 
[ID] (see also [H]) 

\(i>,OiP)\ < f d Pl dp 2 |^( P i,p 2 )| 2 (/i(pi, p 2 ) + / 2 (Pi,p 2 )) (5.7) 

A Pi,P2 := / d Pl dp 2 \K(p l7 p 2 ; Pl ,p 2 )\ —— —— 

and I 2 results from the replacement of K(p%, p 2 ; p'i, p' 2 ) by if*(p' 1 , p 2 ; pi, p 2 ). / 
and g are suitable nonnegative convergence generating functions such that I\ , I2 
exist as bounded functions for pi,p 2 € K 3 . In order to get rid of the particle 
mass m, we introduce the new variables Pi =: mq^, p[ =: mqj, i = 1,2. With 
s := 1 - 2c (l A — )/(v / 9? + 1 + \J(& + 1 - 1) we estimate 

V + l 

< Af + 7 |Afi| + e 2 |M 2 | (5.8) 
< m 6 / dqidq 2 |^(mqi, mq 2 )| 2 s ( 1 - ^- + (f>{qi,q%) 
For Cq < 2 (or c < 2 if g 2 7^ 0) we have s > and then 



, 1, ,. 1 ■/. + 
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+ 7 qf Mi + e 2 <z?M 2 } (5.9) 

where qfMi, i — 1,2, result from the estimates of Mj and are given in Appendix 
C. From (|5.8p it follows that if 4>(qi, q%) < 0, we need 1 — > which confines 
A to A < 2m. A numerical investigation shows that the supremum of s 4>(qi, 92) 
is attained for 51 , 92 — ► 00 with q\ <C qi- Then s — > 1 and from the explicit 
expression (see Appendix C) it follows that 

sup s<f>(qi,q 2 ) = Hm, = -(1 + c ) + 7 (4 + 2c ) + 4e 2 . (5.10) 

<?1,92>0 <!2><!1 

For the optimum choice cq — 2, we obtain sup scj)(qi,q2) — for 7 =: 7 C = 

<?1,<?2>0 

0.37. □ 

The proof of Proposition[2]can readily be extended to the Jansen-Hess opera- 
tor h,( 2 \ However, the so obtained critical potential strength 7 C is expected to be 
rather small. Note that inclusion of the second-order term in the single-particle 
case leads to a reduction from -f c — jbr ~ 0.906 to j c = 0.29 [13]. 



Appendix A (Boundedness of c^ 12 ^(m ■ 6) — Cq 12 ^) 



From (|1.5p and (| 1 . 6[) one derives for the k = 1 contribution to the kernel of this 
operator 16J, using the mean value theorem, 



(K {1) 



(m-9) 



^ ( ( 1 l2))(Pl,P2;Pi,P2) 

c o 



< 



1 



1 



7e 2 m 

(^j 1 |P2 - P' 2 | 2 |P2 " P 2 + Pi 



Pi I 2 







1 



dm £J| P2 _ p / +pi | + E p/i 



:( 



i + 4 1) (p' 1 )-^(p 2 -p 2 + Pl ) 

(A.l) 

}(mi • 9) + (mi i— > ?7i2 



^ 1) (P2-P2+P1)^ 1) (P'1)) + h-c] U t 



where h.c. denotes the hermitean conjugate of the first term together with the 
replacement (pi, P2) (pi, P^)- (The second contribution (k = 2) to the kernel 
arises from particle exchange and is therefore bounded by the same constant.) 
After carrying out the derivative, the modulus of each of the resulting terms is 

(k) ~ (k) 

estimated separately, using the boundedness of the dilated Uq , Dq and the 



estimate (|2.6[) for the dilated energy denominator. According to the Lieb and 
Yau formula (|57T| . C ( 12 >(to • 9) - c ( Q 12) is bounded if the integral 



J(Pi,P2):= dp[dp' 2 

JR6 



(K (1) , 

\ c( 12 )(m-i 



^i2))(pi,P2;pi,p 2 ; 



f{pi)g(p2) 
/(pi)ff(pi) 

(A.2) 

is bounded for all Pi,P2 € M 3 , where /, g > are suitably chosen functions. 
The derivative of the operator L'p'g can be estimated by ^- because is 
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bounded and its m-dependence enters only via m/pk (see (|2.14|l ). Finally, 



since from (|2.5[) , 



< m\6\ 



(l-«o)B p 



energy denominator is estimated by 



< (1 

1 



Co) 



_a 

dm E g (p)+Ee(p') 



< 



the derivative of the 



p p+p' ' 



For reasons of convergence we have to keep, however, the m-dependence of 
the energy denominator in those contributions to (jA.ip which contain the factor 
l/p'z from the estimate of the derivatives. This can be handled in the following 
way: Let f(m)g{m) - /(0). 9 (0) = [/(to) - f(0)]g(m) + /(0)[ 5 (to) - g(0)} and 
interpret g as the energy denominator and / as the adjacent factors inside the 
curly bracket in (|A. 1|) . Then, while estimating the derivative of /(to) by an 
TO-independent function (in general setting to = 0), the energy denominator 
can be estimated, using 12.6[) . by 



£e(|P2-p^+Pi|)+ Wi) 



< 



(1 - £ ) 3 -E| P2 -p^+ Pl | 



E 



Pi 



< 



IP2-P2 + P1I+F1 



(A.3) 



which relies on m =/= 0. 



For the sake of demonstration we select the contribution to (jA.lj) which 

('2')* ~ 

contains the derivative of Uq , leading to the estimate y- according to (|2.14|) . 



Absorbing the bounds of U^p , 

c, we get for the respective contribution, say /, to (|A.2|) , 

1 1 



(1')* ~ (i) 
Un and Dq ' into the generic constant 



J(Pi,P2) < m 



dp[dp' 2 



|P2 



P2P 



P2 - P 2 + Pi 

1 f(pi)g(p2) 



Pi I 2 



(A.4) 



|P2 - P' 2 + Pl| + Pl + 1 P 2 /O1W2) ' 

We choose /(p) = ps and <?(p) = p. Making the substitution q := p 2 P2 for 
p 2 and defining £ 2 := Q Pi we have 



/(Pl,P2) < TO-Cpj 2 



dq -j 

3 q 2 q 



P2 



•P2 



dpi 



Pi I 2 6 



1 



1 



Pi 



1 '1/2' 
1 Pi 



For £2 = 0, the second integral is bounded. For £2 7^ 0, let y 
the second integral turns into [T21 Appendix A] 



(A.5) 
pi/fc. Then 



2tt 
6 



2tt 



00 dy 





6+pi + i 
1 



'1/2 , £.2 

Pi hi 



Pi 



y 



11 — 2/1 6(1 + 1/) + 1 



16 -Pi I 



< 



i + e 2 1/2 



(A.6) 
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since the last factor can be estimated by — and the remaining integral is 
convergent. Therefore we get with the substitution q 2 := q/.P2, 

f 1 1 1 

J(Pi,P2) < mcc dq 2 — -, ; j (A.7) 

3 ? 2 |q 2 +e P2 | pi t + | q2p2M _ epi |i 

where e Pi is the unit vector in the direction of pi, i = 1,2. The last factor 
is bounded for pi < oo, and the remaining integral is finite. For p\ — > oo, one 
gets at most an additional square-root singularity, which is integrable. Thus / 
is finite. 

The contribution to (|A.1[) arising from the derivative of which is esti- 
mated by is handled by the same integrals if one chooses g(p) — p 2 instead 
°f 9(p) — P- F° r the boundedness of the remaining contributions to (|A.1[) one 
can use similar techniques as for the proof of the p-form boundedness of c*- 12 ^ 
|16j . One must, however, take care to use the same convergence generating func- 
tions in the corresponding hermitean conjugate term entering into the r.h.s. of 
(jA.ip . (For example, in the estimates of the derivative of Dq , one should take 
f(p) = P^ and g(p) = 1.) 



Appendix B (Boundedness of r\$ (/io,6> — z) x ) 

Let z £ C\a(ho t e) such that (ho,e — z)^ 1 is bounded. From (|4.6|) fF we have 

IKeVll < A Wll + C i HVll (B.l) 



with c[ :— \f^f- jzj^ < 1 for a suitable £o < \ and 7 < 0.66, and some constant 
C\. By the same estimates, 

IK^|| < |Jr (11(6^ + 6^) VII + ll« (12) VII + l|c (12 Vll) + CaM 

< c 2 ||T e Vll + C 2 ||V|| (B.2) 
with c 2 := {yf^f + a/iF + \/2c7) < 1 if Ci/(1 - £0) < 1 (with cj from 

6U». 

Then, applying (|B.2|) to V> := (/io,e ~ z ) _1 '07 

lki, 97 -^— VII < c 2 \\T e -^—M\ + CfeH— !— V||. (B.3) 
h>o,e - z hofi - z ho, 9 - z 

The last term is bounded. With the second resolvent identity, (fto,e — z ) = 
(Tg — z)~ x — (Tg — z) ai,e (ho,e — z) -1 , we estimate the first term, 

\\T e —^—n < ||T fl — L- VII + \\T ei ^— II • Kfl t-^— VII- (B.4) 
ho,e — z Tq — z Tg — z no,e — z 
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Note that a(Tg) C u(/io,e) according to (|3.5|) such that (T$ — z) 1 is bounded. 
From \\T e (Tg - z)- 1 ^ < ||V|| + \z\ || (T e - z)" 1 ^ the first term in JR4| is also 
bounded. Finally, from (|B.1[) and with = ho t g — ai,e, 

hi.e -r-^ VII < A \\Tg t-^ VII + C x \\t~^ VII 

h®,6 - z /i ,e - z ho,e ~ z 

< A \\ho, e t-^ V|| + A \\a xfi T^—i>\\ + Ci II— ^ VII- (B.5) 

Rearranging (jB.5|) one gets 

K*t-^— i V'll < t^tII^t-^VII + t^V lli-^— ^Ih (B.6) 

the r.h.s. being obviously bounded. 



Appendix C (Estimates for 7M1 and e 2 M2) 



From (15.411 and (15.511 we have 



l7Mi| < - 



: ,12 



Co 



(!--£-) 



1 



(1 m ^ 

m E P1 E P1 + E P2 — m 



'lm 



V(Pl,P2) 



|/?n(m)|. 



(C.l) 



J Pl ^Pl ' ^P2 ' 

Each of the four terms in curly brackets is estimated separately by its modulus. 
For the sake of demonstration we select the second term. With kb lm from (Ej 
and the Lieb and Yau formula (|5.7p , we get 



T h := 



1 



K 12 



<l7T <-,ipuP,)Ui 1) k blm Up* (1 - ^ 



1 



CO 



+ E p > 2 - m 



Vo(pi,P 2 ) 



: - / dpidp 2 



U { 1] * Vo(Pl,P2) 



5/2 

Pi 



g = 1, and estimating |-=— 



(C.2) 



< 



Taking/( Pl ) = v - fT ^ +m , » - „ _^_ 6 l£p , £p , +Ep ,_ m , _= ^ 

(which holds for Co < 2) we obtain in the new variables qi,q^ after performing 
the angular integration in the variable q[ [12j Appendix A], 



/ dp'.dp^ (1 - — ) 

2tH J Re £ p / 



E, 



E pi + E P ' 2 - m 
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1 r / ,x/(Pl) 

771 *(P2 - P 2 ) 



^ 7 3/2 

- z qi 

7T 



IPI-P'iI 2 
1 



Vii + 1 + 1 



/(Pi) 
j / i gi + gi '1 



(C.3) 



\ qi -q[\ g ; 2 + i 



In order to get an analytical estimate of (|C.3|I we use 

1, Qi < 1 



9i 2 + l 



< 



1 



<7i>l 



(C.4) 



such that, upon substituting q[ —: qi z [12l Appendix A], 

1 f°° dz 



h < 



7 



<A 



* Vi'i + 1 + 1 



1/91 j i , 1 + z 

az z 2 In ■ 



1-2 



hi 



1 + z 



<7i z 



3/2 h_ 



1 



7 2 

2 



gi*i/ 2 (— ) + — G_3/a(— ) 
9i 9i ?l . 



(C.5) 



a 3 / 2 In 


1 + a 


1 -a 





G_ 3/2 (a) := 2vr - 2 In 



4y/a — 2 arctan sfa — In 



1 + 


sja 




1 - 


s/a 





fa-1 



4 arctan + — f= m 



1 + a 



1 -a 



For the first contribution to I7M1I, the same functions /, g have to be taken, and 
the approximation \J q^ + 1 < q'i + 1 is made to allow for an analytic evaluation 
of the corresponding integral. For the third and fourth contribution to I7M1I 
we use instead / = 1, gip?) = p^J 2 and the additional estimate (for c > 0) 

1 



1 



1 + c 



yjq" 2 + 1 + C 



< 



1 

7 



9' < 1 + c 



9' > 1 + c 



(C.6) 



For the estimate of |/3n(m)| we define ipi := g{pi)cr^pi take f(pi) — 
Pi^ 2 , 3=1 and use again (|C.6j) . With {U^ipoiPi, P2)| 2 = |"0(pi, P2)| 2 and 

2 

lv>i(pi,P2)r = 2% /g?+i(Vgi+ i + i ) '^^ Pl ' P2 ^ 2 we then obtain 



9? Mi 



3? 



CO 



I I + yfqJTl - 1 



+ ^- (gi^i /2 (-) + — G_ 3/2 (— )) + c 

27r V gi gi 9i / 



gi(gi + 2) 
I +1 

92 



l+Vqf+T-1 
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+£(?^/4> +G -^>) 



(C.7) 



where Z = ^/o 2 + 1 and 

F_ 1 / 2 (a) := 2y/a In 



1 + a 



1 - a 



4 arctan-\/a — 2 In 



fa+ 1 



Va- 1 



(C.8) 



mate 



For estimating e 2 M2 the same techniques are used, except for the simpler esti- 
< y in the last contribution (which has little effect on j c due to 

91(91 + 2) 



the smallness of e 2 ). This results in 



q{M, 



9? 



2tt 



1(1+1) 



1 



1 



Co 



i 



i 



i 



^U^iM-) + - G -3/ 2 (-) 



9i 



9i 



9i 



(?♦')}■ 



(C.9) 
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